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The time-resolved optical Kerr effect spectroscopy (OKE) is a powerful experimental tool enabling accurate
investigations of the dynamic phenomena in molecular liquids. We introduced innovative experimental and
fitting procedures, that permit a safe deconvolution of sample response function from the instrumental func-
tion. This is a critical issue in order to measure the dynamics of sample presenting weak signal, e.g. liquid
water. We report OKE data on water measuring intermolecular vibrations and the structural relaxation
processes in an extended temperature range, inclusive of the supercooled states. The unpreceded data quality
makes possible a solid comparison with few theoretical models; the multi-mode Brownian oscillator model,
the Kubo’s discrete random jump model and the schematic mode-coupling model. All these models produce
reasonable good fits of the OKE data of stable liquid water, i.e. over the freezing point. The features of water
dynamics in the OKE data becomes unambiguous only at lower temperatures, i.e. for water in the metastable
supercooled phase. Hence this data enable a valid comparison between the model fits. We found that the
schematic mode-coupling model provides the more rigorous and complete model for water dynamics, even if
is intrinsic hydrodynamic approach hide the molecular informations.
I. INTRODUCTION
Heterodyne-detected optical Kerr effect (HD-OKE)
has been widely used since more than twenty years for
the investigation of dynamical properties of molecular liq-
uids. Not surprising, a remarkable fraction of this work
has been dedicated to the study of liquid water, often
in relation to the hypothesized presence of two liquid
phases. We recently published new HD-OKE experimen-
tal results covering a very broad temperature range, ex-
tended into the supercooled regime, characterized by very
high accuracy and unprecedented signal-to-noise ratio1.
Here we intend to report on the detailed analysis of those
data, comparing the results of different theoretical mod-
els. Our intention is not to formulate a ranking of those
models on the basis of their ability of reproducing the
experimental data, but rather to highlight the pros and
cons of the different approaches and, most of all, to point
out the key features of each model responsible for its pre-
dictive capabilities. In the following, we first recall the
main aspects of HD-OKE measurements of liquid and
supercooled water, and of the recovery of the sample re-
sponse function, both in time and frequency domains.
We dedicate special attention to the deconvolution of the
femtosecond OKE data, and demonstrate the crucial im-
portance of an accurate measurement of the instrumen-
tal function. In the second part, we present the detailed
a)Corresponding Author: R.Torre, torre@lens.unifi.it
analysis of those data making use of three different the-
oretical models. We conclude by summarizing the main
findings and pointing out the most relevant features of
the models.
II. HD-OKE MEASUREMENTS OF LIQUID WATER
In a HD-OKE experiment2–4 a linearly polarized laser
pulse induces transient birefringence in a medium by
means of a non resonant non-linear effect. The induced
birefringence can be probed by a second pulse of dif-
ferent polarization, spatially superimposed to the pump
within the sample. The change of the polarization sta-
tus of the probe pulse, measured as a function of the
delay time from the pump, gives information about the
non-linear response of the studied material. The signal
is characterized by an instantaneous electronic contribu-
tion plus a decaying contribution, which constitutes the
most interesting part, as it contains information about
the relaxation and vibrational response of the molecules
in the sample. The time window probed in an OKE ex-
periment can be very broad, extending from tens of fem-
toseconds to hundreds of picoseconds. This makes OKE
a very powerful technique, capable of revealing very dif-
ferent dynamic regimes in a variety of samples, from sim-
ple liquids to supercooled liquids and glass formers5–10,
it makes possible measuring, at the same time, the slow
relaxation processes and the fast inter molecular vibra-
tions of the system. In the optical heterodyne detection
configuration, the signal is directly proportional to the
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2third order non-linear response function of the material,
R(t), convoluted with the instrumental function, G(t).
Liquid water is a challenging sample for this kind
of experiment because of its very weak OKE response,
due to its nearly isotropic molecular polarizability. For
this reason, we implemented in our set-up, based on a
Ti:Sapphire laser oscillator (wavelength 800 nm, pulse
width 18 fs), two experimental improvements that en-
abled us to measure the fast vibrational dynamics and
the slow structural relaxation in the same experiment,
with very high signal-to-noise ratio and large dynamic
range. The first feature is the independent and continu-
ous motion of a translation stage, equipped with a linear
encoder, which ensures the absolute control of the posi-
tion11. This reduces substantially the acquisition time
and improves the signal statistics. The second one is
the implementation of a peculiar configuration of the
heterodyne detection12,13, which makes use of a circu-
larly polarized probe beam and of a differential detec-
tion of two opposite-phase signals on a balanced photo-
diode. As shown in fig.1, a quarter wave-plate between
the two polarisers produces the circularly polarized probe
field. Two signals, with opposite polarizations and with
opposite phase respect to the local field, emerge from
the P2 polarizer, and are sent to the balanced photodi-
ode detector. The OKE signal measured in such a way
is automatically heterodyned and free from any spuri-
ous phase-independent signal. A further improvement
is obtained by subtracting the two HD-OKE measure-
ments obtained with left and right circular polarizations
of the probe field. This procedure removes from the sig-
nal the dichroic contributions coming from possible mis-
alignment of the wave-plate. The output signal of the
photodiode is amplified by a lock-in amplifier and digi-
talized by an acquisition board. A home made software
acquires the processed signal together with the reading
of the delay line encoder and retraces the final time de-
pendent HD-OKE signal.
Supercooling bulk water is not an easy task because
water is prone to crystallization; special care in the prepa-
ration and manipulation of the samples is required in or-
der to reach very low temperatures. We performed our
measurements on a sealed vial of cylindrical shape, pre-
pared for pharmaceutical purposes by the Angelini com-
pany: the lowest temperature reached for this sample was
247 K. The vial was inserted into a parallelepiped-shaped
aluminum holder, whose central cylindrical cavity fits the
diameter of the vial. A thin film of glycerol between the
vial and the housing assured an efficient heat transfer.
The holder was fixed to the cold plate of a Peltier cooler,
whose temperature was controlled, with a stability of 0.1
K, by a platinum thermoresistance in thermal contact
with the holder itself. Two fused silica windows inserted
on two opposite sides of the aluminum holder allowed the
beams to cross the sample.
A. HD-OKE signal
The signal measured in an heterodyne-detected optical
Kerr effect (HD-OKE) experiment is4,8,13–15
S(τ) ∝
∫ +∞
−∞
dtIpr(t− τ)
∫ +∞
−∞
dt′R(t− t′)Iex(t′)
=
∫ +∞
−∞
dt1R(t1)G(τ − t1)
(1)
with
G(t) =
∫ +∞
−∞
dt2Ipr(t2)Iex(t2 + t) (2)
where Ipr and Iex are the probing and exciting laser in-
tensities, respectively; G(t) is their intensity correlation,
determining the experimental time resolution and has
thus the role of instrumental function, and R(t) is the
material response.
Since we are performing a non-resonant OKE experi-
ment, the Born-Oppenheimer approximation applies and
the response function can be cast in the form16–21:
R(t) = γδ(t) +Rn(t) (3)
with γ representing the instantaneous electronic response
andRn(t) the nuclear response. The latter can be written
in the classical limit as
Rn(t) ∝ −θ(t)
kT
∂
∂t
Φχχ (4)
In eq. 4 θ(t) is the Heaviside step function, k is the Boltz-
mann constant and Φχχ the time correlation function of
the anisotropic susceptibility
Φχχ = 〈χxy(t)χxy(0)〉 (5)
χxy(t) beaing the off-diagonal element of the susceptibil-
ity tensor (i.e. the collective electronic polarizability).
In order to fit the OKE data we simulated the mea-
sured signal using the following expression:
S(t) ∝
∫ +∞
−∞
[γδ(t− t′) +Rn(t− t′)]G(t′)dt′ (6)
Taking the Fourier transform of eq. 6, we get
S˜(ω) =
[
γ + R˜n(ω)
]
G˜(ω) (7)
as, for the non resonant OKE, γ is real, we get from 7
the important result that the imaginary part of S˜(ω) is
unaffected by the instantaneous response, and that for
nuclear part
Im
[
R˜(ω)
]
= Im
[
S˜(ω)
G˜(ω)
]
(8)
hallowing the extraction of R˜n(ω) from the OKE signal
once the instrumental function is known.
3FIG. 1. The optical set-up for heterodyne-detected optical Kerr effect measurements (HD-OKE). The laser pulses are produced
by a Ti:Sapphire Kerr-lens mode locked cavity and their group velocity dispersion is controlled by a prism compression stage.
The laser beam is split by a beam splitter (BS) in the pump and probe beams. The probe pulse is delayed respect to the pump
pulse by an computer controlled optical delay line. A half wave plate (λ/2) fixes the polarization of the pump at 45◦ from that
of the probe, set vertical by the P1 polarizer. The probe polarization is then converted to circular by a quarter wave plate (λ/4).
Probe and pump beams are focused inside the sample S by the achromatic lens AL1. The probe beam is then re-collimated by
the achromatic lens AL2 and sent to the Wollaston polariser P2. The horizontal and vertical linear polarizations, both present
in the probe, are selected by P2. This optical set-up produces twin OKE signals with vertical and horizontal polarizations
having opposite phase with the local field. The balanced photodiode detector BPD operates the electronic subtraction of the
two polarization components and extracts the HD-OKE signal from the background. The analogue output of the photodiode
is sent to a lock-in amplifier together with the reference signal of chopper (C) placed on the pump beam. A DAQ board
simultaneously acquires the translation stage position from the encoder board and the lock-in output signal. Finally, the signal
and position are stored by the computer to build the final signal time profile.
B. Instrumental function measurement
An important experimental issue concerns the mea-
surement of the actual instrumental function G(t), which
is far from trivial. Eq.6 shows clearly that the instru-
mental function can be measured directly if the sam-
ple has negligible or very fast nuclear response (i.e. if
Rn(t) ∝ δ(t)).
In many cases, a fused silica plate has been used to this
purpose, because of its weak and fast nuclear response.
Actually, the OKE response of silica is quite complex
and difficult to determine, so it turns out to be not par-
ticularly adapt when a precise determination of real G(t)
is required. Some previous studies utilized the second
harmonic cross-correlation of the pump and probe pulses
to measure the instrumental function, see Kinoshita et
al.22. We found that any small modification and adjust-
ment of the experimental set-up, inevitable when replac-
ing the water sample with the reference material chosen
for measuring G(t), causes severe alterations of the lat-
ter. For instance, i) the insertion of a second harmonic
crystal in place of the sample modifies the pulse com-
pression status, ii) the spatial overlap the beams requires
some re-alignment, iii) the translation stage has to be re-
positioned in order to achieve the temporal superposition
of pump and probe pulses. Actually, even small changes
of the experimental conditions critically affect the instru-
mental function. With an alternative procedure, in some
other cases the instrumental function was obtained by
fitting the instantaneous electronic contribution to the
HD-OKE signal with an analytic peak function (Gaus-
sian, hyperbolic secant, etc..).
4The OKE experiments in water are typically charac-
terized by very low and fast signals, so that the precise
determination of the instrumental function is extremely
important in order to extract the water response. The ex-
perimental methods, summarized above, are not enough
accurate for this purpose.
We measured the instrumental function following a dif-
ferent procedure that grants the proper level of accuracy
required for water investigations. As reference sample
we chose a plate of calcium fluoride (CaF2); this is a
cubic ionic crystal with only one Raman active band
in the probed frequency range, the optical phonon at
322 cm−1 of T2g symmetry. Its nuclear OKE response is
then simple and well known. The calcium fluoride plate
was dipped inside a water vial, identical to that used
for water measurements, supported by the same sample
holder. The measurement of the instrumental function
was done by just replacing the water vial with the water-
CaF2 vial, leaving the rest of the set-up unchanged. We
took care that the faces of the CaF2 plate were perpen-
dicular to the line bisecting the angle formed by pump
and probe beams. The thickness of the CaF2 plate, 3
mm, was enough to fully contain the probe and pump
overlap area, avoiding any spurious signal contribution
by the outer water. We took a reference measurement
for each set of water data.
This procedure, differently from the other approaches,
allows us to accurately preserve the experimental con-
ditions adopted in the water and in the reference mea-
surements. Fig. 2 reports a typical HD-OKE signal ob-
FIG. 2. A typical HD-OKE signal of the reference sample and
the extracted instrumental function. In the figure we show the
HD-OKE signal of CaF2 (circles) and the instrumental func-
tion (red continuous line) obtained with the fitting procedure
described in the text. The nuclear response, Rn, is taken as
the time-derivative of a single damped oscillator and the in-
strumental function, G, is simulated as the sum of Gaussian,
Lorentzian, and hyperbolic secant functions. The comparison
with the fit of the instantaneous electronic part performed
using just a single hyperbolic secant (blue dashed line) is re-
ported too.
tained in the CaF2 reference sample: the signal shows
a first peak, due to the electronic response, character-
ized by very fast rise and fall, and a second oscillating
contribution due to the nuclear response. This signal
is the convolution of the instrumental function with the
OKE response, see eq.6; for CaF2 its nuclear part is the
time derivative of a single harmonic damped oscillator
(DHO). The simplicity of this nuclear response function
allows the reliable extraction of the instrumental func-
tion, G(t), by means of an iterative fitting procedure (i.e.
least square fitting of the HD-OKE data of the reference
sample with the simulated signal according to eq.6). We
found that our instrumental function can not be repro-
duced by a single hyperbolic secant function, as often
reported in the literature; a good fit requires the sum
of several functions, namely a combination of Gaussian,
Lorentzian and/or hyperbolic secant functions. In Fig. 2
we report the instrumental function obtained by the iter-
ative fitting procedure (red continuous line) and the one
obtained by fitting the electronic peak with a simple hy-
perbolic secant function (blue dashed line). Apparently
these two instrumental functions are very similar but the
small differences cannot be neglected for an accurate in-
vestigation of water fast OKE response. This is mostly
evident when the data are Fourier transformed to the
frequency domain. Fig. 3 shows the comparison between
FIG. 3. Dependence of the reference sample spectrum on the
choise of the instrumental function G(t). We obtained the
response function by deconvolution of the HD-OKE signal
S(t) according to eq. 8. The figure compares the results
obtained for the CaF2 sample by adopting the iterative fitting
procedure described in the text (red line), and by fitting the
electronic peak with a hyperbolic secant function (blue line).
Only the knowledge of the real instrumental function allows
measuring the correct response.
the frequency response calculated using the instrumental
function obtained by the iterative fitting procedure (red
line) and the one obtained by simply fitting the electronic
peak with a hyperbolic secant function (blue line). We
clearly see that only an accurate measurement of the real
time domain instrumental function yields the correct re-
sponse. As a further test of the method, we measured
the OKE signal of a carbon tetrachloride (CCl4) liquid
5sample. We inserted a scrap of CaF2 slab in the CCl4 cell
for measuring the instrumental function. The resulting
CCl4 frequency response is shown in fig. 4 (black open
circle). The agreement of our data with the depolarized
Raman scattering spectrum (red continuous line), cor-
rected for the Bose factor, is good in the entire spectral
range; frequencies and amplitudes of Raman bands being
very well reproduced. This confirms the high accuracy of
the employed method.
FIG. 4. Frequency response of CCl4 obtained from the OKE
data using the instrumental function extracted from a CaF2
slab inserted in the CCl4 cell. Our data (black open circles)
reproduce very well the depolarized Raman scattering spec-
trum (red continuous line), both in frequency and amplitude,
corrected for the Bose factor.
The role of the instrumental function in HD-OKE ex-
periments has been always considered as a underpinning
problem for a correct data analysis, but to our knowledge
it has never been addressed in such a quantitative way. In
the present study, the unprecedented signal/noise ratio
and the accurate determination of the instrumental func-
tion ensure a correct data analysis, from which a reliable
OKE response can be extracted, also in case of weak and
fast decaying signals.
C. HD-OKE water data
In Fig. 5 we report all the HD-OKE data collected
on water at changing of temperatures from liquid phase
to the supercooled one. The left panel shows the short
times in a log-linear plot and the right panel the data
are reported in a log-log plot showing the whole time-
scale measured. Water shows a complex relaxation pat-
tern strongly dependent by the temperature. Decreas-
ing temperature the fast oscillating dynamics becomes
more structured and the slow relaxation decay becomes
increasingly long.
At short times we have fast oscillations due to inter-
molecular vibrational modes. These correspond to
the two broad bands centered at about 50 cm−1 and
200 cm−1, generally addressed in the literature23–26 as
“bending” and “stretching” modes of the hydrogen-bond
network, respectively. At long times the signal shows
a monotonic decay; in the first OKE investigations it
was interpreted as a bi-exponential relaxation, due to
single molecule orientational dynamics27. Further ex-
periments, extending the temperature range to the su-
percooled phase, proved that the slow decay follows a
stretched exponential function, typical of structural re-
laxation phenomena, with a critical slow down of the
relaxation times28.
III. DATA ANALYSIS AND OKE RESPONSE MODELS
As we briefly summarized in section Sec.II A, the time-
resolved HD-OKE experiment measures the time correla-
tion function of the off-diagonal susceptibility elements.
These are collective polarizability tensors of the liquid
whose definition is quite complex. There have been
many studies concerning the basic problem of defining
the optical observables (i.e. susceptibility tensor) start-
ing from the molecular features and dynamics, see for
example ref.16,29–32 and references therein. The general
theories that define rigorously this connection necessar-
ily involve a huge number of physical variables and they
turn out to be not operative for a comparison with the
OKE experimental data. So the OKE response interpre-
tation have been typically done using phenomenological
models4,5,18,20,21,33,34, and/or computer simulations35–37.
Recently, mode-coupling theories, dynamic models at
the mesoscopic scale, based on the memory function ap-
proach, have also been used to interpret the OKE re-
sults4,6–10,14,38,39.
The definition of the OKE response function in liq-
uid water is even more complex than in other liquids
due the almost isotropic molecular polarizability and to
the hydrogen-bounded network that make the OKE ob-
servable dominated by the collective susceptibility and
dynamics. Numerical simulations of the OKE signal in
liquid water24,40,41 show a complex interplay between in-
trinsic molecular terms and interaction-induced contri-
butions. Two main issues need to be addressed in order
to define the OKE response. First, one has to pinpoint
the physical parameters relevant for the experimentally
probed dynamics and what are the equations of motion
that they follow. In order to have an operative model,
both the liquid modes and their equations of motion must
be relatively simple, in other words they should be de-
fined with a coarse-graining approach, where the fine
molecular features are averaged out. Second, the con-
nection between optical susceptibility and modes of the
liquid must be defined.
Few phenomenological models have been utilized to
analyse the whole time-dependent OKE response in liq-
uid water42–44. As well as, the mode-coupling theory has
been used to simulate the water response1,4,28.
In the following sections we compare the results of
three different theoretical models in the an analysis of
6FIG. 5. Log-linear (left panel) and log-log (right panel) plots of the HD-OKE data on liquid and supercooled water. From
the bottom to the top the following temperatures are reported: 353, 333, 313, 293, 278, 273, 268, 263, 258, 253, 247 K. : the
oscillations due to the inter-molecular vibrational modes, clearly visible at short times (left panel) smoothly merge at longer
times into the structural relaxation decay (see right panel). By lowering the temperature, the vibrational dynamics becomes
more defined and the monotonic decay longer and strongly non-exponential.
our new OKE data, extending into supercooled wa-
ter phase; namely, the Multi-mode Brownian Oscilla-
tor (MBO) model45,46, the Kubo’s Discrete Random
Jump model47,48, and the Schematic Mode-Coupling
model49–52. The first two models have been already ap-
plied for the analysis of the OKE data of water42,43, but
only in the stable liquid phase, the third one has been
very recently applied with success to water in the liq-
uid and supercooled phases by the same authors of the
present paper1. Including the HD-OKE results for the
supercooled phase of water provides a more stringent test
also of the first two theories.
A. Multi-mode Brownian Oscillator Model
A relatively simple Multi-mode Brownian Oscillator
Model (MBO) was utilized by Palese et al.42 to describe
the liquid water dynamics. The model aims at describ-
ing the whole relaxation behaviour of the liquid without
a time scale separation, a priori imposed, between the
fast and slow dynamics.
The susceptibility tensor is taken as a second order
expansion on the nuclear Q-modes45, χ(t) ' a1Q(t) +
a2Q
2(t). The Q variables must be interpreted as lo-
cal normal modes of the liquid obtained from a coarse-
graining treatment of the molecular and intermolecu-
lar coordinates. The equation of motion of these MBO
modes are described by a Damped Harmonic Oscillator
(DHO) equation, Q¨(t) − γQ˙(t) + ω2Q(t) = 0. The non-
resonant nuclear third-order response function, in par-
ticular the OKE response, from a single DHO can be
written as42,45,46:
RMBO(Ω, t) = θ(t)
e−γ t2
Ω
sin(Ωt)
{
a21 +
a22
Ω
[
coth(
ih¯
2kT
ϕ)e−ϕt − coth( ih¯
2kT
ϕ¯)e−ϕ¯t
]}
(9)
where Ω =
√
ω2 − γ24 , ϕ = (γ2 + iΩ), and ϕ¯ = (γ2 − iΩ). The a2 quadratic term in this equation expresses the
7non-linear coupling between the susceptibility and the Q-
mode, when a2 = 0 the simple DHO response function is
recovered.
The MBO model used by Palese et al. considers a
continuous ensemble of Q-modes characterized by differ-
ent frequencies ω; these modes are uncoupled (i.e. de-
fined by independent DHO equations) and all character-
ized by identical damping coefficients, γ. Consequently,
some modes are under-dumped and other ones are over-
damped, in dependence of their ω value. Each Q-mode
has a homogeneous broadening, expressed by γ, which is
assumed temperature dependent and related to the liq-
uid viscosity. The collection of Q-modes is shaped by an
inhomogeneous broadening function, S(Ω), which fixes
the weigh of each mode in the distribution. The inho-
mogeneous broadening is due to the interactions of the
Q-mode with the thermal bath and it taken in the form42:
S(Ω) =
∑
n
Ω2AnΓn
2pi((Ω2 − Ω2n)2 + Ω2Γ2n)
(10)
where the sum over n accounts for different dynamics, like
librations, translations and bendings, which contribute
to the frequency distribution of the harmonic oscillators.
The MBO model simulates the OKE nuclear response
function with the oscillator ensemble according to the
following integral equation:
Rn(t) ∝
∫ ∞
Ωc
S(Ω)RMBO(Ω, t)dΩ (11)
The integration range in Eq. 11 is lower limited by the
cut-off frequency Ωc, corresponding to the physical re-
striction that no oscillator can have an oscillation period
longer than the structural rearrangement of the bath.
This cut-off is proportional to the homogeneous damp-
ing
Ωc = b γ(T ), (12)
where b is a temperature independent coefficient.
The cut-off frequency in the integration yields a signal
that at long times relaxes as a single exponential with
time constant τ ∝ 1/γ. The MBO model cannot ac-
count for the stretched exponential decay at very long
times; this is a first serious limit in order to fit the OKE
data in the supercooled phase. Moreover, since the struc-
tural relaxation time, τ , is proportional to the viscosity,
the homogeneous width γ is inversely proportional to the
viscosity; so the temperature dependence of γ is fixed by
the viscosity. In summary, in the MBO model the slow
relaxation dynamics is accounted for by the superposi-
tion of low-frequency over-damped oscillators in eq.11,
critically dependent on the Ωc cut-off frequency, while
the fast vibrational part results from the inhomogeneous
distribution of under-dumped oscillators. The integral
equation (8) provides a smooth merging of the two os-
cillator ensembles. In the liquid phase, we confirm the
results already reported in ref.42, the model is able to re-
producing the OKE signal in the whole temporal range,
with the proper temperature behaviour of all the fitting
parameters, but fails more and more as temperature de-
creases, see Fig. 6. In summary, it is not able to ac-
curately reproducing the fast dynamics, responsible for
the complex structure of the vibrational bands and the
stretched exponential character of the slow relaxation.
1. MBO fitting details and results
The fitting function is obtained by numerical convolu-
tion of the OKE response function, see Eqs. 6 and Eq. 11,
with the instrumental function obtained as explained in
Section II B. The best fit is achieved by the repeated vari-
ation, in a numerical loop, of the fitting parameters, until
a nonlinear least-squares minimization is reached.
The fitting function is built on an inhomogeneous
broadening presenting two water bands: at 180 cm−1
and 60 cm−1, which are usually assigned to stretching
and bending of the hydrogen bond, respectively. Palese
et al. introduced other higher frequency bands in order
to simulate their OKE data; according our analysis, fre-
quencies higher then about 400 cm−1 are not necessary,
once the instrumental response function is properly taken
into account. In our MBO analysis, we used nine free fit-
ting parameters: the parameters of the inhomogeneous
distribution A1, Ω1, Γ1, A2, Ω2, Γ2, the width of the ho-
mogeneous distribution γ, and the amplitudes a21 and a
2
2
appearing in Eq. 9.
The cut-off frequency Ωc in Eq. 11 turns to be a very
critical parameter in the fit, so we performed several fit-
ting runs with different values of this coefficient. If the
value fo the b parameter in 12 is locked in the range
0.1− 0.15, the fits are apparently fine but the inhomoge-
neous distribution parameters turn out to be non physical
at high temperatures. In particular, we observed a nar-
rowing of the modes with rising temperature. In fact, a
value of b in such a low range yields a large homogeneous
width, necessary to fit the long times part of he data, with
a consequent narrowing of the inhomogeneous modes re-
quired for the fitting of the oscillating part. With larger
values of b (0.25−0.3), the model fails to fit the long part
of the data at the lowest temperatures, the simulated de-
cay going to zero too fast. With intermediate values of
b (0.15 − 0.2), the fit fails both at short and long times;
moreover, also in this case the inhomogeneous distribu-
tion has an unphysical temperature dependence. Finally,
a fully free value of the b free fitting parameter leads to an
apparently better reproduction of the data in the whole
temporal range. However, the temperature trend of the
γ parameter is definitely unphysical: in fact, it remains
constant at all temperatures, yielding a temperature in-
dependence of liquid viscosity.
In Fig. 6 we report the HD-OKE data at three tem-
peratures in the liquid and supercooled phases (247 K,
273 K, and 353 K) and the corresponding curves cal-
culated with b = 0.32 and = 0.2. As noted above, the
agreement at high temperature is good, but it worsens at
8FIG. 6. Comparison of the experimental data at 247 K, 273 K, and 353 K, and the MBO fits with cut-off proportionality
factor b = 0.32 and b = 0.2
low temperatures. The temperature dependence of the
MBO fitting parameters for these two fitting series are
shown in Fig. 7. In Fig. 8 we report the imaginary part
of the Fourier transform of the single oscillator response
function, R˜MBO(ν) and the inhomogeneous broadening
function S(ν). These are calculated adopting for the fit-
ting parameters the values reported in the left panel of
Fig. 7, corresponding to b = 0.2. The temperature de-
pendence of the homogeneous broadening (black line) is
the expected one, while the inhomogeneous distribution
(red line) narrows as temperature increases, with a defi-
nitely non-physical behaviour.
B. Kubo’s Discrete Random Jump Model
Winkler et al.43 used a model based on the Kubo’s Dis-
crete Random Jump (KDRJ)47,48 to fit the OKE data of
liquid water. Their approach implies an a priori separa-
tion between the fast vibrational dynamics, described by
the KDRJ model, and the slow relaxation, which is sim-
ulated by the time derivative of a stretched exponential
function.
The KDRJ model describes the dynamics of the liquid
in terms of Q(t) stochastic oscillators: Q¨(t) − ω˙ω Q˙(t) +
ω2Q(t) = 0; the ω(t) frequency is a stochastic variable
randomly perturbed by N independent two-state jump
Markov processes (random-telegraph process), ω(t) =
Ω +
∑N
n=1 ωn(t). Each stochastic process is considered
stationary, ie. 〈ωn(t)〉 = 0 and 〈ω(t)〉 = Ω, and Marko-
vian, with 〈ωn(t)ωm(0)〉 = ∆2N exp(−γ|t|). In the latter
expression, γ is the rate of the random frequency modu-
lation and ∆2 is the amplitude of the modulation. The
total stochastic process is assumed Gaussian.
In the approach of Winkler et al.43, the susceptibil-
ity tensor is linearly connected to the nuclear Q-modes,
χ(t) ∝ Q(t); thus, the OKE response function can be
obtained from the time derivative of the Q-mode corre-
lation functions. The contribution of a single Q-mode to
the response function is expressed as:
RKDRJ(Ω, t) = θ(t)
[
γ
2
N
a2 − 1
a
sinh
(
γt
2a
)
cos(Ωt) + ψ(t)Ωsin(Ωt)
]
ψ(t)N−1exp
(
−N γt
2
)
(13)
with
ψ(t) =
[
cosh
(
γt
2a
)
+ asinh
(
γt
2a
)]
(14)
where
a =
(
1− 4∆
2
γ2
)−1/2
(15)
9FIG. 7. Temperature dependence of the MBO fitting parameters for the fits with b = 0.2 (left panels) and b = 0.32 (right
panels).
The Fourier transform of the KDRJ response function
Im[R˜KDRJ(ν)] provides the spectral representations of
the involved dynamics. The resulting spectral profile is
strongly dependent on the ∆/γ ratio. For ∆/γ  1, slow
modulation limit, the line consists of N + 1 lines with an
overall Gaussian envelope profile whose full width half
maximum is equal to ∆. The lines are spectrally sepa-
rated by the quantity 2∆/
√
N , and each line is homo-
geneously broadened with width γ due to the finite life
time of the level itself. For ∆/γ  1, motional narrowing
limit, the multiplet structure collapses in a single reso-
nance. In this case the frequency jumps occurs on a time
scale faster that the average vibrational period 2pi/Ω. It
is clear that, depending on the average frequency Ω, on
the ∆/γ ratio, and on the number of stochastic processes
N , we can obtain complex line shapes, which describe
the structured vibrational bands of liquids.
In their data analysis, Winkler et al. introduced an
extra interaction between the Kubo oscillator and a fur-
ther thermal bath. This interaction produces an inhomo-
geneous broadening defined by43:
Si(Ω) = exp
[−4ln(2)(Ω− Ωi)2
Γ2i
]
(16)
and the oscillator response function becomes:
RKDRJi (t) ∝
∫ ∞
0
[
Si(Ω)R
KRDJ(Ω, t)
]
dΩ (17)
If more Kubo oscillators are involved in the dynamics,
Rn(t) = ΣiR
KDRJ
i (t) + θ(t)At
(β−1) exp
[
−
(
t
τs
)β]
(18)
τs being the structural relaxation time and β is the
stretching factor. The presence of stretched exponential
decay in OKE data has been proved to show-up both in
glass-former liquids6 and supercooled water28.
Eq.18 implies that the vibrational dynamics, described
by the Q-modes, is uncoupled from the structural relax-
ation, described by the stretched exponential decay. If
the time/energy scale of the structural relaxation could
be considered well separated from that of other dynam-
ics, the decoupling hypothes would be properly founded.
In water both structural relaxation and vibrational dy-
namics take place on very similar time/energy scales1,28;
the same is true for the H-bond dynamics53. Any de-
coupling approximation then appears a rather unrealistic
hypothesis. Apart from these fundamental criticisms, we
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FIG. 8. We report the Fourier transform of the single os-
cillator response function (red line) and the inhomogeneous
distribution function (black line), calculated using the param-
eters from the fitting section with b = 0.2. The opposite tem-
perature behaviours of the inhomogeneous and homogeneous
distributions are evident in the spectral representation.
tested the ability of the model to fit our OKE data in
supercooled water.
1. KDRJ fitting details and results
The fitting function was obtained as the convolution
of the response function with the instrumental function.
The OKE nuclear response function is simulated, follow-
ing the analysis of Winkler et al. analysis, using two
KDRJ oscillators with N = 3. The free fitting parameter
were: four parameters of each oscillators, ∆i, γi, Ωi, and
Γi, with the constrain γ1 = γ2, two amplitudes ai, and
the stretched exponential parameters, A, τs, and β. We
report in Fig. 9 the fit-data comparison for the three tem-
peratures 247 K, 273 K, and 353 K. The long time part
of the signal is clearly very well described by the adopted
stretched exponential function. The short time oscillat-
ing part is fairly well reproduced at high temperatures, as
already found in ref.43. In the deeply supercooled phase
this part is not perfectly reproduced (see the oscillations
around 1 ps) but the model is able to account for the
growing structuring of the vibrational bands at low tem-
peratures. In Fig. 10, we report the values of the fitting
parameters for all the temperatures.
FIG. 9. Comparison between the experimental data and the
KDRJ model fits at 247 K, 273 K, and 353 K.
It is worth to look at the spectral shape of the KDRJ
oscillator when Si(Ω) = δ(Ω−Ωi), i.e. in the hypothesis
of neglecting the inhomogeneous broadening due to the
interaction with the thermal bath. In Fig.11 we show the
imaginary part of the Fourier transform the single KDRJ
oscillator response function, Im[R˜KDRJ(ν)], at different
temperatures. For each temperature the Ω parameter is
fixed to the highest value obtained from the fitting proce-
dure, see Fig.10. The spectrum of this KDRJ oscillator
represent the homogeneous vibrational components de-
scribing the stretching water band. Clearly N + 1 = 4
resonances are present.
Winkler et al. proposed an intriguing interpretation
of these resonances for liquid water: they would corre-
spond to the H-bond stretching frequencies of different
molecular aggregates, from dimer units to the tetrahe-
dral pentamer units. These clusters inter-convert each
other through breaking and making of the H-bonds; this
very fast process would result int the KDRJ frequency
jumps. The frequency and damping of the KDRJ oscil-
lator would be related to the H-bond stretching/bending
vibrations and to their life time, respectively. The ap-
plication of this picture to the OKE data analysis sug-
gests that liquid water consists of mixture of four different
clusters, having comparable and weakly temperature de-
pendent concentrations. The most recent experimental
investigations1,54, simulation studies55,56 and theoretical
models57–59 do not support this scenario: the emerging
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FIG. 10. Temperature behaviour of the best fit parameters
for the two KDRJ oscillators.
picture is that water presents a bimodal local structur-
ing (i.e. formation of two main molecular clusters); wa-
ter molecules form local structures either tetrahedrally
coordinated, named low-density forms, or close-packed,
named high-density form. Moreover, the relative popula-
tions of these two alternative local structures are strongly
temperature dependent.
C. Schematic Mode-Coupling Model
The Mode-Coupling Theories (MCT)52 are a gener-
alization of the Mori and Zwanzig approach. The liquid
dynamics is described by the memory-function equations,
which define the equations of motion of the correlation
functions of physical observables. The retardation ef-
fects are taken into account by the memory functions
K(t), that in the MCT are defined on the basis of the
correlators. These theories represent a generalized hy-
drodynamic approach to the liquid dynamics where the
physical observables are intrinsically mesoscopic.
In the schematic mode-coupling (SMC) model49–52 the
main variable is the density, ρ(t); hte other observables,
Qi(t), are linked to the density.
The time evolution of the correlation functions of these
physical observables is given by the memory-function
FIG. 11. Temperature behaviour of the spectral shape of
the KDRJ oscillator centred around 180 cm−1, stretching
band, neglecting the inhomogeneous broadening. The spec-
trum peaks could be addressed to different water clusters.
equations. They are formulated as49–52:
Φ¨m(t)+ηmΦ˙m(t)+Ωm
2Φm(t)+
∫
K(t−t′)Φ˙m(t′)dt′ = 0
(19)
with the memory function written as
K(t) = v1Φm(t) + v2Φ
2
m(t) (20)
The SMC model defines the memory by a series ex-
pansion (up to the second term) of the master corre-
lator itself Φm, thus providing a closed form for the
integro-differential equation 19. The SMC model identi-
fies the master correlator as the density correlator Φm ∝
〈ρ(t)ρ(0)〉; the quadratic term in eq. 20 corresponds to
the minimum order of the series expansion able of re-
producing the slowing down behaviour of the structural
relaxation. The dynamics of any other observable, Qi,
linked to the time dependent density (e.g. to the local
inter-molecular dynamics) can be described by a similar
differential equation60:
Φ¨i(t)+ηiΦ˙i(t)+Ωi
2Φi(t)+
∫
mi(t−t′)Φ˙i(t′)dt′ = 0 (21)
In 21 the memory is given by
mi(t) = v
s
iΦm(t)Φi(t) (22)
Φi(t) ∝ 〈Qi(t)Qi(0)〉 being the slave correlator. The cou-
pling between the slave and master dynamics is assured
by the product of the slave and master correlators in the
memory kernel 22.
Equations 19, 20, 21, and 22 are a closed set that can
be solved numerically, as analytic solutions exist only in
a restricted number of cases52.
MCT is essenzially a hydrodynamic model: than is
hard to attribute a precise microscopic (at the molecular
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level) interpretation of the involved physical quantities;
the Qi variables can be interpreted as key parameters
influencing the liquid susceptibility. Their dynamics, de-
scribed by Φi correlators, allow the calculation of the
OKE nuclear response function. The experimental re-
sponse can be expressed as the time derivative of the
sum of these slave correlators:
Rn(t) ∝ −θ(t) ∂
∂t
∑
i
aiΦi(t). (23)
In other words, equations 21, 22 and 23 correspond to
decomposing the electronic susceptibility correlator, Φχχ,
into the sum of Φi(t) correlators. Each of these correlator
describes an “average collective mode”, whose dynamics
is described by the SMC equations. The vibrational and
relaxation properties and the coupling of different observ-
ables are present into the SMC equations by definition.
In this respect, the SMC equations represent a robust
physic model able of describing complex dynamics in-
cluding damped vibrations and structural relaxation, as
well as their coupling. Differently from other approaches,
SMC does not require any decoupling or dynamic sep-
aration between the fast/vibrational dynamics and the
slow/relaxation phenomena.
1. SMC fitting details and results
We solved the SMC equations numerically, taking the
frequencies, friction and coupling coefficients as param-
eters to be adjusted in order to reproduce the HD-
OKE response. We adopted a step-by-step second order
RungeKutta algorithm to solved numerically the integro-
differential equations Eq.19 and Eq.21. Once the time
dependent function of the master correlator is known,
it can be used for calculating those of the slave corre-
lators and then that of the OKE signal. The parame-
ters of the model are: the master equation parameters
ηm, Ωm, v1 and v2, the slave equations parameters ηi,
Ωi, v
s
i with i = 1, 2, 3 and the three amplitudes ai in
eq. 23. Of course, the result of the fit depends on the
number of slave correlators included: we considered the
cases corresponding to one, two, and three correlators.
We performed a preliminary series of fits to obtain a
qualitative estimate of the temperature dependence of
the parameters. On that basis, we chose, in agreement
with what already done in similar analyses reported in
literature10,50,51,61–64, to force some of the parameter ei-
ther to assume fixed values or to follow pre-established
temperature trends.
We found that the OKE data can be described in all
the temperature range with three slave correlators at
most. In particular, the weight of the highest frequency
contribution decreases monotonically as the temperature
increases, while it becomes negligible at the two highest
temperatures, where only two slave correlators are suffi-
cient to reproduce the data.
FIG. 12. SMC fits (red line) of the heterodyne-detected op-
tical Kerr effect data (circle) at different temperatures in a
log-log plot. The SMC model very well reproduces the com-
plex vibrational dynamics taking place in the sub-picosecond
time scale and the slow relaxation decays. Also at interme-
diate delay times, where the vibrational dynamics merge into
the relaxation processes, the SMC equations correctly descibe
the decay curve.
In Fig. 12 we show some of the measured HD-OKE
signals with the fits obtained using the SMC model. The
model reproduces correctly the experimental data over
the whole time range at all temperatures. Most remark-
ably, and differently from other fitting models, this result
is achieved without imposing any decoupling of vibra-
tional and relaxation dynamics.
The best values of the frequency Ωm and and the ver-
tex v1 of the master oscillator were almost constant in
the whole temperature range; then, they were locked to
66 cm−1 and 0.33, respectively. The second vertex v2
was, instead, resulted to increase almost linearly with
decreasing temperature: it was forced to obey the linear
dependence v2 = 6 − 0.014T . Finally, we left free the
friction ηm and the remaining parameters of slave oscil-
lators. In Fig.13 we show the temperature dependence
of the slave frequencies Ωi, of the friction parameters ηm
and ηi and of the three vertices v
s
i .
In Fig.14 we report the imaginary part of the Fourier
transform of the SMC simulated OKE responses obtained
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FIG. 13. Temperature behaviour of the fitting parameters of
the SMC model, the slave frequencies Ωi, the friction param-
eters ηm and ηi and the three vertices v
s
i . Circles, squares,
and triangles refer to Φi slave correlators, with i = 1, 2, and
3, respectively; diamonds represent the master correlator.
by the best fit of the experimental data at two temper-
atures. The contributions of the three slave correlators
are reported in the figure as magenta-blue-orange lines.
The simulation of HD-OKE data by SMC model requires
two vibrational modes to fit the intermolecular stretching
band of water (blue and orange lines). The characteris-
tics of these two modes are clearly different in terms of
spectrum shape and temperature dependence. As dis-
cussed in a previous paper1, these two modes can be as-
sociated with two fluctuating water species with different
local structures; a low-density form characterized by a
tetrahedral network and a high-density form character-
ized by closely packed aggregates with lower coordination
and high network distortions.
D. Final considerations
Two points of general relevance for the OKE investi-
gation of the dynamical properties of molecular liquids
come out from the above discussion: i) the analysis of
the time domain OKE response and, most of all, of its
spectral representation, is critically dependent on the ac-
curate determination of the instrumental function. Only
an absolutely faithful determination of the latter can pro-
vide a reproducible response function, susceptible to re-
liable detailed analysis; ii) extending the investigation to
FIG. 14. The Fourier transform of the SMC fit response
function, Im[R˜n(ν)], is reported (red line). The three cor-
relators Im[Φ˜1,2,3(ν)], are also shown (magenta-blue-orange
areas). The simulation of HD-OKE data based on the SMC
model requires two modes (blue and orange shaded areas)
to fit the high frequency band. The characteristics of these
two modes are clearly different in terms of spectral shape and
temperature dependence.
low temperatures is an essential requirement: different
models can provide equivalent results at high tempera-
ture, while diverging in their heuristic power when con-
fronted to low temperature experiments. In fact, only at
low temperature non-exponential behaviors of the OKE
signal decay can show-up, and marked structuring of the
oscillating part can grow-in. Besides these general as-
pects, the main goal of our work has been that of ana-
lyzing the ability of different theoretical models to repro-
duce femtosecond HD-OKE data of very high quality and
accuracy. The three models that we considered derive
from significantly different approaches. In particular, the
KDRJ model adopted by Winkler et al.43 differs signifi-
cantly from the others as it assumes that the oscillatory
and diffusive dynamics of liquid water can be separated
a priori. In fact, the long time relaxation is described
as an exponential decay and is subtracted from the HD-
OKE time domain data, thus isolating the vibrational
component. For the short time dynamics, the authors
adopt an essentially molecular picture, based a Kubo
treatment of the linewidth, which involves three inter-
molecular vibrational frequencies as stochastic variables.
Ref.43 takes into account only room temperature data:
we show here that extending the analysis to low tem-
peratures, well below the thermodynamic melting point,
provides a much more stringent test of the theory. In
fact, at low temperature not only the long time relax-
ation has to be described as a stretched exponential de-
cay, but also the agreement for the oscillatory part of
the OKE response, very good at room temperature, is
definitely less satisfactory in the supercooled regime. In
any case, the KDRJ approach accounts fairly well for
the growing structuring of the oscillatory pattern at low
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temperatures. The other two models considered get rid of
the imposed separation of the diffusive contribution from
the overall dynamics, a separation that appears hardly
justified in view of the similar time scales of the struc-
tural relaxation and of the intermolecular vibrations of
liquid water. Similarly to KDRJ, the Brownian oscilla-
tor (MBO) approach, employed for water by Palese et
al.42, is based on an almost microscopic picture, whose
dynamical variables consist of a collection of averaged
local intermolecular modes. Under-damped oscillators of
relatively high frequency account for the oscillatory part
of the response, while the structural relaxation contri-
butions originate from the superposition of over-damped
oscillators described by eqs.10 and 11. We found that
the most critical parameter is the cut-off frequency Ωc in
eq.11: it is this low frequency limit that inhibits a good
fit of the non-exponential decay present in the low tem-
perature OKE data. Nevertheless this limit is imposed
by the physical restriction that the oscillator period can-
not be longer than the structural rearrangement. The
mode coupling (SMC) treatment is based on a contin-
uum picture of the liquid, and describes its dynamics
on the basis of time correlation functions of physical ob-
servables. The key points are the non-linear form of the
master memory function, eq.20, in the equation of mo-
tion of the density correlator, eq.19, and the inclusion of
slave correlators coupled to the density correlator by the
slave memory kernels, eq.22. We found that the SMC
model provides the most flexible set of equations and
allows a very good fit at all temperatures of the OKE
data in the entire experimental time window. This ap-
proach is essentially hydrodynamic, hence no immediate
link can be made between those correlators and the inter-
and intra-molecular modes typical of a molecular-scale
description of the dynamics. Only in particular condi-
tions a link with the specific molecular features can be
out-lined52. In this sense, it appears mostly suitable to
the investigation of pre-transitional and critical phenom-
ena. The most interesting feature of the SMC analysis
of the experimental data is that, using a rigorous phys-
ical approach and avoiding questionable assumptions, it
allows disentangling dynamical contributions character-
ized by peculiar temperature (and, possibly, pressure)
dependence.
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